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Schwarz Spherical Symmetrization about a point

ACR" JA|<oo A" :={xeR" : w,lx|" < |A|}

[oae

=inf{r>0: [{x eR": f(x) > t}| < wplx|"}

drawing by Almut Burchard - 2009
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Steiner Symmetrization about an hyperplane

Given any measurable set A C R”, for every ¥’ € R"~! we set
Ay ={x, €R: (X,x,) €A} and I(X)=-L'(Ay).
Steiner symmetral A* of A about the hyperplane H := {x, = 0}
AS = {(X,x,) e R X R : x| < 1(X)}.
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Steiner Symmetrization of a function

u: R" — [0, 00) measurable such that for a.e. ¥ € R*!
/ 1 1 . /
L(xX, 1) = E,C ({xn €R:u(x,x,) >1}) <oo Vi>0
The Steiner rearrangement of u with respect to {x, = 0} is

u’(x) :=inf {t >0 L,(x',1) < |x,|} .

graphic by Andrejs Treibergs - 2008
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Steiner Symmetrization of a function

Remark (Segment property)

Denote by E; the subgraph of u*. E; is a set enjoying the property that
its intersection with any straight line L orthogonal to H is a segment,
symmetric about H, whose length equals the (1-dimensional) measure
of LNE,
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Pélya-Szeg0 inequalities

Ifu € W, (D) then u® € Wy (D*) and u* € W," (D*). Moreover

|VulPdz > |Vu'|Pdz
R" Rn

|VulPdz > |Vu*|Pdz.
R~ R~

The aim of our work is to provide a quantitative versions of the
previous inequalities.
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The main question

Pdlya-Szegb deficit of u

Dy(u) := /Rn |VulP dz — R" |Vu'|P dz

Can the Poélya-Szeg6 deficit of an arbitrary W&’” function be used to
estimate its asymmetry with respect to the hyperplane H, measured as
a distance between « and u*?

A relevant issue in connection with variational problems having Steiner
symmetric extremal is that such an estimate should ensure that u is
arbitrarily close to u* when D, (u) is sufficiently small.
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Counterexample - 1d - plateaus

Main obstruction
The presence of a plateau below the top level in the graph of u
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Counterexample - 2d - plateaus

u is such that V,u’ vanishes on a set of positive Lebesgue measure

2 ({(x,y) LVt =0, u(x,y) < Supu(x,y)}) >0

y

graphic by A. Cianchi and N. Fusco - 2006
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The Equality Case

Theorem (A. Cianchi & N. Fusco (2006))

Let Q) C R" be an open set satisfying some geometrical (essentially
sharp) conditions and let u with no plateaus in the direction x,, then

D,(u) =0 = wu=u’ (upto translations)

What a wrong €) can cause

graphic by A. Cianchi and N. Fusco - 2006
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The spherical symmetric case : a first guess

Remark (Counterpart of Brothers and Ziemer)

The previous result can be regarded as a Steiner symmetrization counterpart
of Brothers and Ziemer's theorem on the spherical symmetry of minimal
rearrangements, i.e. function with

IVull, = [Vu|,

Remark (Stability of Brothers and Ziemer)

The result of Brothers and Ziemer is stable under perturbations of such an
assumption, in the sense that the asymmetry of a minimal rearrangement can
be estimated through L£" ({Vu* =0, 0 < u* < ess-supu})

First guess

Although the sole Pélya-Szegd deficit D,(u) of u is not sufficient to measure
the distance of u from «°, this should be possible if both D, (1) and
L ({(xy) : Vo' =0, u'(x,y) < sup, u(x, y)}) are employed

|
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Counterexample - almost plateaus

@ (vi)#0,v, A0L —ae.

o lll’nh_>oo Dp(Vh) = Op Z 1

@ |lvi — Vi1 > const >0

Deduction

This counterexample, loosely speaking, shows that, when D, (x) > 0, not only
a large set where V,u, vanishes, but also a large set where |V,u,| is small,
may allow u to be very asymmetric. Consequently, one can hope to control
the asymmetry of a function u by means of D,(u) only if we have a control of
the measure on the set where the V,u; is small
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9 Stability result for the Steiner case
@ The main Theorem
@ Ideas from the proof
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Our choice of functions

When we can rule out "bad behavior"

@ Concave functions

@ a-concave functions (« € (0, 1])

@ Log-Concave functions with subgraph starshaped w.r.t. a ball
@ Quasiconcave functions with a positive lower bound on |Vu|

Remark (They are not so bad classes)

The class of functions to which our stability results apply is large
enough to include the solutions of the torsional rigidity problem and the
first eigenfunction of the Laplacian operator with Dirichlet boundary
conditions in smooth convex domains
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Quantitative estimates

A(u,u’) == | |VulPdz— [ |Vu'lPdz
RVl

R}l

Alu,u’) := inf ” |u(x,y + h) =’ (x,y)| dxdy

D C R" bdd open convex set. Letu € W,” (D) be log-concave. Assume

that the subgraph of u is star-shaped with respect to a ball of radius m.
Then,

n+2
e D7 [V 12 A, ') i1 < p < 2;
AMu,u’) <
Mn+2 1 1 )
7 D7 Au, u’)? ifp>2,

where ¢ = c(n,p) and M = max{||u||e , outer radius of D}
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Change of perspective : the functions [/ and b

b(a', ) + (', )

b(z',t)

@ Q) : projection of E, onx, =0

@ [ =I(x',1) : half measure of the 1-d sections

@ b = b(X,1) is the baricenter of the sections
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The representation lemma

@ D C R” bounded open set
@ uc W'»(D) (p > 1) non-negative, continuous
@ E, has no plateaus and satisfies the segment property

4

Ob+0:1<0 and 9:b— 9 >0 a.e.in

(1+ |Nb+VlP)? / (1+|Nb - VlP)?
P dx = dx'dt dx'dt
/D'V“' dx /Q b+ o1 M et

1 JA12)%
/|Vus|1’dx:2/ de’dt
D o lodp!
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How to deal with the deficit

Alu MS)_/ (+ Wb+ %lP)E (L4 b= WlP)E (1+ [Wlf)®
’ o Q ‘3,1)-1—8,[‘1’71 |a,b—a,l|p71 |8tl|p71

dx'dt

Careful estimates on the second order increment of the function

4
2

(1 + %)

£ iR x (0,00) 5 R f(x) = =T

4

cL'(D)Y || Vull 7 Adw,w)t p<2

|Vx/b| dx’dt+ |8fb|
14 [Viel)? a |0/
i

dx'dt <

S =
S|
Vv
[\S)

cL"(D) 7" A(u, u®)
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How to deal with the deficit

Alu us)_/ (L+ b+ WIP)E | (14 b= lP): (1 + %)
’ o Q ‘a,b+a[l‘p71 |a,b—a,l|p71 |8tl|p71

dx'dt

Careful estimates on the second order increment of the function

4
2

(1 + %)

£ iR x (0,00) 5 R f(x) = =T

4

|v bl / |8tb| /
dx'dt + dx'dt <
/ 1+ [V 12 o [0

i

cL'(D)Y || Vull 7 Adw,w)t p<2

S =
S|
Vv
[\S)

cL"(D) 7" A(u, u®)

Aim
We want to get rid of the dependence on [ in I and I, since the L' distance
between u and u* can be estimated by the L' norm of the baricenter b
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Ingredients of the estimates

@ Use convexity of level sets to estimate
1 dist(x’, 9€)
>
NAERAEIOIE V2M

where M is the maximum between ||u||.~ and the outer radius of D

vx' e Q,

@ Use log-concavity to estimate

1 n2 .
m > ﬁdlst(l‘, an/).

© Use weighted Poincare and starshapedness assump. to estimate

N |0:b|
1+ |vx/l|2 ‘8[” -

/|Vb\dlst((x 1),00) dx'dt

/ b — bo| dx'dr
Q

S ( )"“ / s
>c|— lu(x's x, + bo) — u’(x)|dx,
Rn

Giovanni Pisante Trends in Non-Linear Anal. - IST - Lisboa 31/07/2014 20/21



Thank you
for your attention!
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The Schwarz case for n-symmetric functions

Lemma

D C R" bounded open n-symmetric w € Wé’[’ (D) non-negative and
n-symmetric

1,1 2
e D)7 [V Jy Alw, W) i1 < p <2
[w—w*|dx <
n 1,1 1 .
® c LY(D)Y T A(w, w*)p ifp > 2,

| A

How to prove it
@ Coarea formula
@ Layer cake representation formula
@ Quantitative isoperimetric inequality
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The theorem for schwarz

A(u,u*):= | |VulPdz— | |Vu*Pdz
RVl R)'l
Mu,u*) :=inf [ |u(x,y+h) —u*(x,y)| dxdy
heR Rn

Theorem

D C R" bdd open convex set. Letu € Wé”’ (D) be a non-negative and

log-concave function. Assume that the subgraph of u is star-shaped
with respect to a ball of radius m. Then

L L R ol
cmnHE(D)!’ IVu*||,} A(u,u*)2 ifl <p<2;
Au,u*) < (1)
Mn+2 n i/ * i H
cmn+1£ (D)7 A(u,u*)r ifp>2,

where ¢ = ¢(n,p) and M = max{||ul|| L, outer radius of D}
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The theorem for schwarz

Let D C R" be a bounded open convex set and let u Wé (D) be a
non-negative and log-concave function. Assume that the subgraph of u
is star-shaped with respect to a ball of radius m. Then

Mo e ol
Cmn+1£(D)p I\Vu*|l; Alu,u™)2 ifl<p<2;
A, u”) < (2)
M2 o E A ) .
Cm"“E (D)?" A(u,u™)r ifp > 2,

where ¢ = c(n,p) and M = max{||u||e , outer radius of D}

Remark

The idea is to apply Steiner symmetrization n times along the n
coordinate directions so to transform u in a n-symmetric function, and
then to use the previous lemma

\
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A comment about the proof

é‘{\fz\

—
)

The property of the subgraph E,, of u of being star-shaped with respect
to a ball of radius m is inherited by the subgraph E* of u*. More
precisely, if E is star-shaped with respect to B,,(§), for some & = (%,7),
then E* is star-shaped with respect to B,,((¥',0,7)).
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Thank you
for your attention!
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