Asymptotic spectral analysis

In nanowires with axial heterogeneities
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We consider thatationary Schrédinger equatiamith zero potential in a

thin bounded tubular domain of thickness s  R3

To find thespatial wave function)s and theenergy levels€ reduces to solve :

—%A% =Evs, in Qs,
s =0 onofs,

or, in a standard mathematical notation, forgetting thestamts,

—Avs = A9 Vs, in Qg,
vs =0 onofs.

where 0< A <\ <--- = +00

Luisa Mascarenhas (CMA/FCT/UNL)  Asymptotic spectral analysis in nanowires with



If the thin tube isnon-homogeneouthe particle behaves as if its masé&) varies
and we are lead to consider the station@chrodinger effective-mass equatiaith
zero potential :

~Bdiv (5 Ves)) =Ews(x), xe
Ps(x) =0 x € 09,

or, following a more general notati(<rA(x) = %ﬁx)ﬂ)

—div (AVvs) = Xov;s, in Qs,
vs =0 onofs.

where agaid) < \{ <\ <. — 400

@ If the properties of the tube vary with high frequency, havirperiodic
heterogeneitieghe energy levels will depend strongly étor £) and on the
ratiod /e
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Ayl

G £
—div (A.VV2) = X0V, in Qs, _\é
€ e’e —————————————
V2 € Hg(€2s)
0< /\g70 < /\gJ < - < Agvi < )\g,i+l < -

§—=0 = A = 400, Vi

@ We analyse- periodic axial heterogeneities :
A (X) = A(xg/e), A is [0,1] - periodic inR

@ We study the behavior of spectrumas+ 0 andj — 0

® We look for thelD limit problem
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d,¢ > 0 small parameters
Qs :=0wxl, wcR? 1:=(0,L)
X0 = (5)_(,X3) € Q5, X= (Xl,Xz) cw, Xzel, Y:= [0, 1]

, _ou

2 2
YRRy Au__au 0°u
8X3

s 0%
A € [L*°(R)]3*3, diagona) Y-periodig
A(y) = diag (b(y),b(y). a(y))
n<a(y),bly) <¢
fora.e.y € Y and forsome & n < ¢
A (xs) = diag (b:(Xs), b (Xs), a: (xa))
a(x)=a(2), b.0e)=b(2)
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Usual procedurechange of variables, setting the problem in the fixed domainl :

o
X = (%, x3) € Qs = bw x| — Xz(%,)@,)éwxl

obtaining therescaled problem :

—<ag(V6>/>l_%AVg:)‘gvg’ ae inw x |,

€

Ve e HY(w x I)
3casesd =¢” (6/5 = 5(7—1))
emdo: 1=1

ekgd: <1
e ™>1
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3casese~d: T=1; ek T<1; e>o: ™>1

We introduce the % normalized eigenpait” o, ¢7 o) of the1D cell problem

!
—=27 D (a(2)') +bpodt = prer, inY,
97 € H(Y),

wherepo is the P! eigenvalue of the followin@D problem in the cross section:

—Af0=pb, inw,
6 € Hy(w),

nL o andpo are real, positive and simple, and the associated norndalize

eigenfunctions)” , andfy may be chosen to be a strictly positive.

¢1 , is absolutely continuous.
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Proposition 1
For each fixed-, ¢, we reduce th&D eigenvalue pb to a family dfD eigenvalue pbs,
parametrized by theD eigenvalues in the cross section

Forn fixed, Iet{)\l((”) }k>0 be thek-sequence of eigenvalues for the spectral pb :
/
—(ago’) +bpp =Ny, aeinl,
¢ € Hy(l),

where{p,} is the sequence of eigenvalues of #igcross section pb.

Then,{/\l((“) }k >0 coincides with the sequenc{ém} of eigenvalues, repeated
according to their multiplicity, of théD pb

/ _
—(a\/) —bAv=\)v, aeinw xI,
Ve Hi(w x1).

The corresponding modés;” }enso re productsn (x) o (x3). O
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Proposition 2
Fix 7, > 0. Let(ul o, ¢7 o) be the ' normalized eigenpair of the 1D cell pb.
Relatev andu by the formula

X3
€

V(X3) = ¢§,o(

)U(X3), aexzel.

Then

@ ve Hi(l) < ueH()

o [(@s B o) ou [ o o)) o0

=
/'LE,O
&—27'

o \.k= + vl (vl are eigenvalues afght hand side pp

Remark :The crucial point is to analyse the behavior of tﬁbe]genpair(u;’o, ®e,0T)
of the cell pb, whenr # 1 O
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Proposition JVishik - Lyusternik)
LetL : H — H be a linear compact self-adjoint operator in a Hilbert sgdcand
suppose thak > 0 andf € H are such that
[Lf = Affly <.
Then
@ There exists an eigenvalueof L :
A=A <Alf It

@ Ford > 7||f||5% there exists &, ||f||n = |f||1, linear combination of
eigenvectors associated with the eigenvalues lying inrttezval[A — d, A + d],
satisfying

If —flln <2d7y
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@ i=c(r=1)

@ (10, ¢o) is the F' normalized eigenpair of the cell pb :

{( ¢>'>l (¥)po ¢o = ogo, in Y,

¢06H1 Y)

e po > 0simple
® ¢o >0, ¢ € HL(Y), continuous

° &= (ﬁ/ywlow‘@_l
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Theorem 1(6 = ¢)
Let (A, Ve k) be thek™ eigenpair of the rescaled pb for= .

Then
Ho

>\E,k == + Ve k
&

Ve k — Vk

Vek — 90()_() gak(Xg) in Lz(w X |)

where(v, ¢k) is ak" eigenpair :
_ah(p// =vp
¢ € Ha(1)
and conversely. O
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@ i=c",0<7<1

® (ul o, ¢7o) normalized ¥ eigenpair :

!/
2 (aly) 67g') +b(y) po #0 = 4o B0 N Y,
To € HL(Y)

° o=1inY. 5:=po [ by ui)dy (j€MNo)
1; solutions of the recurrence probIemngE(Y)

~(a) ") = —by) po i1 + Slchw vk
fy 1/’1()’) dy: 0

s~ (il ®)
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Theorem 2(§ > ¢)
Let (A k, Ve k) be thek™ eigenpair of the rescaled pb and N :
Then ase — 0,

HTo— 70 = po / bly) dy, &7 o(%/) — o = 1 (uniformly)
Y
i

_ Mo, oo g —
Aok = o ek 2 iy e T ek

i1

; <T§i—

i+1°

o p;i — 0, V;-,k -,
® Vok — bo(X) pk(xs), inL3w x1)

@ (i, px) ak eigenpair :

—ah (pk” = kPk, in |,
ek € Hg().
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Theorem 2(§ > ¢)

Let (A k, Ve k) be thek™ eigenpair of the rescaled pb and N: =t < 7 < L
Then ase — 0,

i+1°
iTo— 0= po / b(y) dy. 7 o(x/2) — w0 = 1 (uniformly)
Y
- i

, Y
Aek = +rik= !

— g2l (i+1)-i]
]:

+pli + Vi

0
T=1, A= % + 91+ Vek + PLa;

o Pei — 0, V;,k -y,
® V.k — 0o(X) pk(xs), InL%(w x1)
@ (1, k) ak" eigenpair :

—ah cpk” = VkPk, in |,
ek € H5(1).
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Theorem 2(6 > ¢) ' .
Let (A, Ve k) be thek™ eigenpair of the rescaled pband N: =2 < 7 < g
Then ase — 0,
Ko = Y0 = po / b(y) dy, ¢I4(X/e) — 1o = 1 (uniformly)

Y .

T I

_Heo - i . -
Aok = "5 Frik= s 2D T Pei T ek
0
T = %, Aek = % + Y14 Vex+ P;15
_ 2 0 71 -
T=35 Ak = a3 T Tt ekt pep

@ pli—0, v —w,
® V. i — 0o(X) p(Xs), in Lz(w x 1)
@ (, px) ak eigenpair :

_ah ka” = Ui in |,
YKk € Hé(l).
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Remark

> " lltillzeyy < +oo  then

j=o0
il <4oo Y =mo ) = :
>0 >0 j>0 Jvéo dy ¢° dy

((uo, ¢o) is the 1st eigenpair of the cell pb for= 1)

Slnce—<7<i+Ll<1:

i Ho ,
> g T<D-Z (=1
j=0

for fixede > 0andas — 1~ (i — +00).
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@i=c",7>1

@ This case is more delicate to handle due todbgeneraceof the cell pb :

/
—=2 0 (aly) 67,¢') +b(Y) po 6o = 1o 6L, IN Y,
¢;,O € H;}é(Y>v
@ The asymptotic behavior off , depends strongly on the behavior of the
potentialb.

@ We will showtwo casesfor two different behaviors db
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§ < e-casel \ J

@ Letabe smooth ¢ t f

@ JQ, openintervalQ CC Y:

@ bis smoothb > byin on Y\Q

@ Let (v, go) be the normalized 1st eigenpair of pb

—(aq’)l =vq, aeinQ,
g€ H(Q)
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Theorem 3§ < ¢ - case 1)Leti € N:i > —2;. Then ass — 0%,
° N;o — Bmin po, ¢75-0 —(p in Hl(Y)

e b i(r—1)—
° As,ozg%eru;k— m'”p°+—+ g+ T2 4 pT v

|pZi] < Cel+T=+D — 0

T P 1
vigi= inf {/
PeHi() w

o (2)[ 2 (2) 1P ax} o0
ool My

g,O(y) = ET_lps(y) +lie, Y€ Y\Q

Y

i jm
Iriclliong) €6 <25 PP < Ty am(¥) e,

am, bm € R™ and j, € N independents of
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Remark

Thm is valid under weaker regularity hypotheses on the aeffis. It suffices that

@ aareC*2(Y),

e bisC*2(Y\Q),
wherei is the smallest natural number satisfying —2.

The smallerr — 1 > 0 is, the more regularity is required
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b

0 < e-case?2

!
T
b

@ Letb have a strict minimum in an interior poig € Y

¥

> B(yo) = bin = minb

o b'(yo)=0
s b’(yo) >0

@ Letabe smooth anth smooth in a neighborhood g

@ Let (1o, %0) be the 1st normalized eigenpair of thermonic oscillator

—a(yo) ¥" + W 2y =v1, ae inR,
¥ € H3(R)

Luisa Mascarenhas (CMA/FCT/UNL)  Asymptotic spectral analysis in nanowires with



Theorem 4§ < ¢ - case 2)Leti € N:i > 23 Then ass — 0%,

o M;o — Bmin po
Ko -
) )\5 0 — - 2 + VE,k =
Brmin 0o o M3 i+2
SE(r—1)-27
+ — 4.2 (r
527- ET"rl E#

Pit2 +pli+Vig

(+3) (r—1)
4T

[pfil<Ce -0

T o i T @ 2 E 12 -+
VE’O o welgga) {/w ‘d)s’o ( 13 >) a( 13 ) W) | dX3} -0
||¢;0(?)¢HL2(|)=1
;o(Y) =¢e (r=1)/4 o ( = 1)/2) (y) + R;o

IRT ollL2(v)
(v0,%0) is the F' normalized eigenpair of thearmonic oscillator

< CE(T 1)/2

o, IS a convenient cut-off function i. O
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Main steps

@ UsingProposition Iwe turn the rescaled problem for= "

—(aVv.) — ZAv. =Xv., aeinwxl,
Ve € Hi(w x 1)

into the 1D pb

—(aV)) + %52 v, = \v., aeinl,
v. € H3(1)

@ UsingProposition Ave obtain that ;

[t Bt 52 axe [ i) 07

Aok = N;’O + vl (vI are eigenvalues ofght hand side pl.
&— T ’ El

)
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@ The crucial point is to analyse the behavior of tﬁbe]genpair(ugyo, ¢e,07) Of
the cell pb, when # 1:

2 (aly) 67 ) +bly) po 670 = Hg dr Y,
S H%(Y)
@ We useclassical homogenizatiaesults formal expansionandProposition 3
to justify the development of the eigenpair
@ The development must attain an order superidtito

@ Inthe degenerate cases- 1 we must also useonvenient changes of variables
depending on de behavior of the potendial
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T>1-case?2:

@ For the particular casgconstant andh(y) = bmin + c(y — 1/2)?, the cell pb
will behave like theguantum harmonic oscillator

Cpo HT’O — Bmin po
~aldzo)" + % - /2P oo = (M ) ot

This give us a hint of how to analyze the general case.

@ When the coefficienty = , / Z(CT”OD is of orderl/e("~ Y, then the

corresponding principal modg, behaves like a function df ve™—1, divided
by Ve 1.

This justifies the following change of variables, forgedtihe fixed index :

€

_ vy 1—
6:\/67'—1, t = y eyo, (pé(t):¢;(y0+€t)7 te [%7—yo:|
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T >1-case?2:

@ Cell pb becomes:

I
—é? (a(yo + et)(we)l) + b(yO + et) PO Pe = HePe,s
po e H (2, 520).
® We assume the expansions:
fie = Brmin po + €22 + Epz + -+ K+ -+
Pe(t) = po(t) + epa(t) + pa(t) + - + 2o a(t) + - -
_ / 28" (Yo) 42 k—1a* P (yo) k-1 |, _ka™(8) 4k
a(y0+€t)—a(yo)+€a(y0)t+€ Tt +---t+e€ Wt +e€ Wt

i /11 (k—1) (k)
b(yo + et) :bmin+€2b (2y°)t2+63b 3(!)’0)t3+ k= 1b( (yo)tk 14 kb( )(ﬁ)tk

@ We apply the usual asymptotic techniques.

FIM

Luisa Mascarenhas (CMA/FCT/UNL)  Asymptotic spectral analysis in nanowires with



