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Two thin-film problems in
micromagnetics and nonlinear elasticity
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Micromagnetics

Ωε = ω × (0, ε), ω ⊂ R2 bounded.
m : Ωε → S2 magnetization (locally saturated).
h : R3 → R3 induced magnetic field. ε Ωε

ω

Micromagnetic free energy (Brown ’63, Landau & Lifshitz ’35)

1

ε

∫
Ωε

α |∇m|2 dx︸ ︷︷ ︸
exchange energy

+
1

ε

∫
Ωε

ϕ(m) dx︸ ︷︷ ︸
anisotropy energy

+
1

2

∫
R3

|h|2 dx,︸ ︷︷ ︸
magnetostatic energy

if (m, h) meet the static Maxwell equations

div(m + h) = 0 in R3

curl h = 0 in R3.

Question: Asymptotic behavior as ε ↓ 0 ?
Several grains of NdFeB with magnetic domains
made visible via contrast with a Kerr microscope.

http://en.wikipedia.org/wiki/Magnetic domain

Carolin Kreisbeck (WIAS Berlin) August 1, 2014



Thin ferromagnetic bodies

Thin-film rescaling
 work on fix domain Ω1.

ε
1

Ωε

Ω1

Rescaled energy

Emag
ε [m, h] =

∫
Ω1

α |∇εm|2 + ϕ(m) dx +
1

2

∫
R3

|h|2 dx,

if

(
divε(m + h)

curlε h

)
= 0 in R3.︸ ︷︷ ︸

rescaled Maxwell equations

(Emag
ε = +∞, otherwise.)

∇ε := (∇′, 1/ε ∂3)
∇′ = (∂1, ∂2)
divε := ∇ε· , curlε := ∇ε×

Our goal: Characterization of the Γ-limit Emag
0 of Emag

ε as ε ↓ 0, (compare also Gioia &
James ’97).
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Classical thin-film limits in nonlinear elasticity

Ωε = ω × (0, ε), ω ⊂ R2 bounded.
u : Ωε → R3 deformation. ε Ωε

ω

Elastic energy (after thin-film rescaling)

Iclas
ε [u] =

∫
Ω1

W(∇εu) dx =
∫

Ω1
W(∇′u| 1ε∂3u) dx.

Le Dret & Raoult ’95: The limit problem as ε ↓ 0 is purely two-dimensional and
characterized by

Iclas
0 [u] =

∫
ω
Q2

(
minb∈R3 W (∇′u(x ′) | b)

)
dx ′. x ′ := (x1, x2)

Notice the loss of information on the weak limit of 1
ε∂3u.
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Bending moment in membrane theory

Incorporating a bending moment (Cosserat vector) b.

Elastic energy with bending moment

Ibend
ε [u, b] =


∫

Ω1

W(∇′u | b)dx if b = 1
ε∂3u,

+∞ otherwise.

Bouchitté, Fonseca & Mascarenhas ’09:
Characterization of the Γ-limit Ibend

0 of Ibend
ε as ε ↓ 0.

Open question: Is Ibend
0 in general a nonlocal functional?

Our goal: Give an alternative approach resulting from a more abstract theory.
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Dimension reduction in the
A-free framework
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TheA-free framework I

Ω ⊂ Rd bounded Lipschitz domain.
f : Rm → R continuous.

Consider

F [u] =


∫

Ω

f (u) dx if Au = 0 in Ω,

+∞ otherwise.

We assume thatA is a constant-coefficient first-order linear partial differential operator

A :=
∑d

k=1 A(k)∂k with A(1), . . . ,A(d) ∈ Rl×m,

that fulfills Murat’s constant-rank property, i.e.

rankA(ξ) = const. for all ξ 6= 0.

Examples: A = div andA = curl.
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TheA-free framework II

Applications:

� Nonlinear elasticity:

functionals on gradients  A = curl.

� Micromagnetics:

static Maxwell equations  A = Amag , where

Amag
( m

h

)
=

(
div(m + h)

curl h

)
.

Literature:
� Fonseca & Müller ’99

� Braides, Fonseca & Leoni ’00

� Fonseca & Krömer ’10

� Baı́a, Chermisi, Matias, Santos ’11

� ...
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Rescaling and the limit operatorA0

For ε > 0 we consider the rescaled functional Fε : Lp(Ω1;Rm)→ R,

Fε[u] =


∫

Ω1

f (u) dx if Aεu = 0 in Ω1,

+∞ otherwise,

whereAε :=
∑d−1

k=1 A(k)∂k + 1
εA(d)∂d .

ε
1

Ωε

Ω1

Au = 0 Aεu = 0

ω
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Rescaling and the limit operatorA0

For ε > 0 we consider the rescaled functional Fε : Lp(Ω1;Rm)→ R,

Fε[u] =


∫

Ω1

f (u) dx if Aεu = 0 in Ω1,

+∞ otherwise,

whereAε :=
∑d−1

k=1 A(k)∂k + 1
εA(d)∂d .

ε
1

Ωε

Ω1

Au = 0 Aεu = 0

ω

The corresponding limit operator for ε→ 0 is given by

A0 :=

({
[A(d)]i∂d if [A(d)]i 6= 0∑d−1

k=1 [A(k)]i∂k if [A(d)]i = 0

})i=1,...,l

.

Remark: A0 is in general not of constant-rank!

Examples: A = div  div0 u = ∂d ud .
A = curl  curl0 u =

(
−∂3u2, ∂3u1, ∂1u2 − ∂2u1

)T
(d = 3).
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Upper and lower bound for the thin-film limit onA-free fields

Theorem 1 [K. & Rindler ’14] arXiv:1105.3848
Let Ω1 = ω × (0, 1) ⊂ Rd be Lipschitz and f be continuous with standard p-growth and
p-coercivity, p ∈ (1,+∞). IfA has constant rank such thatA0 satisfies an extension
property, then:

(Lower bound) If (uε)ε ⊂ UAε and u ∈ Lp(Ω1;Rm) with uε ⇀ u in Lp(Ω1;Rm), then
u ∈ UA0 and ∫

Ω1

Q∞A0
f (u) dx ≤ lim inf

ε→0
Fε[uε].

(Upper bound) For every u ∈ UA0 there exists a sequence (uε)ε ⊂ UAε such that uε ⇀ u
in Lp(Ω1;Rm) and

lim sup
ε→0

Fε[uε] ≤
∫

Ω1

QAf (u) dx.

Notice that UAε = {u ∈ Lp(Ω1;Rm) : Aεu = 0 in Ω1} = Lp(Ω1;Rm) ∩ kerΩ1 Aε and

UA0 = {u ∈ Lp(Ω1;Rm) : A0u = 0 in Ω1} = Lp(Ω1;Rm) ∩ kerΩ1 A0.
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Thin-film Γ-limit in theA-free framework

Recall that

Fε[u] =


∫

Ω1

f (u) dx if Aεu = 0 in Ω1,

+∞ otherwise,
u ∈ Lp(Ω1;Rm).

Corollary 2 [K. & Rindler ’14] arXiv:1105.3848
Let the assumptions of Theorem 1 hold. If additionally,

QAf ≤ Q∞A0
f (e.g., if f is asymptoticallyA0-quasiconvex),

then Fε
Γ−→ F0 with respect to weak convergence in Lp(Ω1;Rm) as ε ↓ 0.

Here,

F0[u] :=


∫

Ω1

QAf (u) dx if A0u = 0 in Ω1,

+∞ otherwise,
u ∈ Lp(Ω1;Rm).
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Proof of Theorem 1: Basic ideas

Key tool: Projection ontoAε-free vector fields with uniformly bounded constants
(constant-rank property) (Fonseca & Müller ’99, K. & Rindler ’14).

Lower bound: Young measure approach (Fonseca & Müller ’99)
Ingredients: localization by blow-up, decomposition lemma

Upper bound: Explicit construction of a recovery sequence
Ingredients: relaxation theory inA-framework (Braides, Fonseca & Leoni ’00)

+ Proposition 5 + diagonalization argument

Proposition 5
For u ∈ UA0 there exists (uε)ε ⊂ UAε such that uε → u in Lp(Ω1;Rm).

Lemma 6 (Convergence of ’symbols’)

It holds that Aε −→ Ã0, i.e. PAε(ξ)→ P̃0(ξ) for ξ ∈ Rd .

Notice that Ã0(ξ) 6= A0(ξ) if ξd = 0.

 explicit construction on plane waves in Rd−1 × {0}.
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Proof of Theorem 1: Discussion

Fourier methods...

� ... allow for intuitive, algebraic arguments in Fourier space.

� ... give insight into the structure of the dimension reduction problem.

Price to pay:

Extension property ofA0-free fields
in order to work on general domains Ω1.

Assumption (Approximate extension property)
Let ω ⊂⊂ Qd−1. For every u ∈ UA0 there exists (uj )j ⊂ Lp(Qd ;Rm) ∩ kerTd A0 such that
uj → u in Lp(Ω1;Rm).

Examples: div0 and curl0 satisfy the extension property.
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Back to the applications
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Elastic thin-films in the curl-free formulation

Recall the classical elastic energy:

Iclas
ε [u] =

∫
Ω1

W(∇εu) dx, u ∈ W 1,p(Ω1;R3).

Within the curl-free framework we define

Iε[H] :=


∫

Ω1

W(H) dx if curlε H = 0,

+∞ otherwise,
H ∈ Lp(Ω1;R3×3).

Equivalence between the energies Iε and Ibend
ε :

Ibend
ε [u, b] = Iε[H] ⇔ H = (∇′u | b),

where Ibend
ε [u, b] =


∫

Ω1

W(∇′u | b)dx if b = 1
ε∂3u,

+∞ otherwise,

u ∈ W 1,p(Ω1;R3)
b ∈ Lp(Ω1,R3)

.

Carolin Kreisbeck (WIAS Berlin) August 1, 2014



Bending of elastic thin-films

Recall the elastic energy with bending moment

Ibend
ε [u, b] =


∫

Ω1

W(∇′u | b)dx if b = 1
ε∂3u,

+∞ otherwise,

u ∈ W 1,p(Ω1;R3)
b ∈ Lp(Ω1;R3)

.

Corollary 7
If W is asymptotically curl0-quasiconvex, the Γ-limit of Ibend

ε with respect to weak
convergence in W 1,p(Ω1;R3)× Lp(Ω1;R3) is

Ibend
0 [u, b] =

∫
Ω1

W
(
∇′u(x ′) | b(x)

)
dx.

Proof: Apply Corollary 2 with Fε = Iε, f = W andA = curl and use

curl0 H = 0 ⇔ H(x) =
(
∇′u(x ′)|b(x)

)
.

Remark : This is in agreement with the result of Bouchitté, Fonseca & Mascarenhas ’09.
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Thin-film limit in micromagnetics

Theorem 8 [K. ’11] Quart. Appl. Math. (2013)

The Γ-limit of Emag
ε for ε ↓ 0 regarding weak convergence in W 1,2(Ω1;R3)× L2(R3;R3)

exists and is finite with

Emag
0 [m, h] =

∫
ω

α|∇′m|2 + ϕ(m) +
1

2
m2

3︸ ︷︷ ︸
effective anisotropy energy

dx ′,

if m ∈ W 1,2(ω;S2) and h = −(0, 0, m3) ∈ L2(R2;R3).

Interpretation:

� Emag
0 is purely two-dimensional (independence of x3) .

� Emag
0 is local (Maxwell equations disappeared).

� Magnetizations pointing out of plane are unfavorable.

� Minimizers of Emag
0 are uniformly magnetized (single domain).

Remark: Emag
0 coincides with limit energy of Gioia & James ’97.
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Outlook
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The question of locality

Open problem: Is the Γ-limit F0 of Fε in general a local functional?

Conjecture (Bouchitté, Fonseca & Mascarenhas ’09): The functional Ibend
0 may be nonlocal.

Heterogeneous thin films

For α > 0 we define
ε

εα

Ω1

Fαε [u] =

{∫
Ω1

f ( x′

εα , u(x)) dx u ∈ UAε = Lp(Ω1;Rm) ∩ kerΩ1 Aε,
+∞ otherwise.

Proposition 9 [K. & Krömer ’14]
Let Ω1 = (0, 1)d , p > 1,A be a constant-rank operator, and α < 1.
Then there exists an integrand f that is convex in the second variable such that
Fα0 := Γ- lim Fαε is nonlocal.
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Thank you!
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A-quasiconvexity and asymptoticA0-quasiconvexity

Td is the d-dimensional torus, which results from glueing opposite edges of Qd := (0, 1)d .

TheA-quasiconvex envelopeQAf is defined as

QAf(v) = inf
{∫

Qd f (v + w(x)) dx : w ∈ C∞(Td ;Rm),Aw = 0 in Td ,
∫

Qd w dx = 0
}
.

Definition: A function f : Rm → R isA-quasiconvex, if

f (v) ≤
∫

Qd f
(
v + w(x)

)
dx

for all v ∈ Rm and all w ∈ C∞(Td ,Rm) withAw = 0 in Td and
∫

Qd w dx = 0.

Examples:
A = div, thenA-quasiconvexity is convexity Qdivf = f∗∗ = Qdiv0 f = Q∞div0

f .
A = curl, thenA-quasiconvexity is quasiconvexity Qcurlf = Qf ,Q∞curl0 f ≤ Qcurl0 f .
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A-quasiconvexity and asymptoticA0-quasiconvexity

Td is the d-dimensional torus, which results from glueing opposite edges of Qd := (0, 1)d .

TheA-quasiconvex envelopeQAf is defined as

QAf(v) = inf
{∫

Qd f (v + w(x)) dx : w ∈ C∞(Td ;Rm),Aw = 0 in Td ,
∫

Qd w dx = 0
}
.

Further, we defineQ∞A0
f (v) = limη→∞QηA0

f (v) for v ∈ Rm with

QηA0
f (v) = inf

{∫
Qd f (v + w(x)) dx : w ∈ C∞(Td ;Rm),

η‖A0w‖W−1,1(Td ;Rl ) ≤ 1,
∫

Qd w dx = 0
}
,

and say that f is asymptoticallyA0-quasiconvex ifQ∞A0
f = f .

Examples:
A = div, thenA-quasiconvexity is convexity Qdivf = f∗∗ = Qdiv0 f = Q∞div0

f .
A = curl, thenA-quasiconvexity is quasiconvexity Qcurlf = Qf ,Q∞curl0 f ≤ Qcurl0 f .
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Key tool: Projection ontoA-free fields

Lemma 3 [Fonseca & Müller ’99]
Let p ∈ (1,∞) andA a constant-rank operator. Then there exists a bounded projection
operator PA : Lp(Td ;Rm)→ Lp(Td ;Rm) such that for all u ∈ Lp(Td ;Rm):

� PAu isA-free in Td ,

� ‖PAu‖Lp(Td ;Rm) ≤ C ‖u‖Lp(Td ;Rm),

� ‖PAu − u‖Lp(Td ;Rm) ≤ C ‖Au‖W−1,p(Td ;Rl ),

with a constant C > 0.

Proof: Based on Fourier methods. Define

PA(u)(x) = û(0) +
∑
ξ∈Zd\{0} PA(ξ) û(ξ) e2πix·ξ,

where PA(ξ) is the orthogonal projection onto kerA(ξ) in Fourier space.

Important ingredients: constant-rank property
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Key tool: Projection ontoAε-free fields

Lemma 3 [Fonseca & Müller ’99, K. & Rindler ’14]
Let p ∈ (1,∞) andA a constant-rank operator. Then there exists a family of bounded
projection operators PAε : Lp(Td ;Rm)→ Lp(Td ;Rm) such that for all u ∈ Lp(Td ;Rm):

� PAεu isAε-free in Td ,

� ‖PAεu‖Lp(Td ;Rm) ≤ C ‖u‖Lp(Td ;Rm),

� ‖PAεu − u‖Lp(Td ;Rm) ≤ C ‖Aεu‖W−1,p(Td ;Rl ),

with a uniform constant C > 0.

Proof: Based on Fourier methods. Define

PAε(u)(x) = û(0) +
∑
ξ∈Zd\{0} PAε(ξ) û(ξ) e2πix·ξ,

where PAε(ξ) is the orthogonal projection onto kerAε(ξ) in Fourier space.

Important ingredients: constant-rank property
+ scaling argument for Fourier multipliers on Rd .
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Necessity of constant-rank property for projection results

Counterexample [Krömer ’12]:

Let d = m = 2, l = 1 and consider the operator div0 : L2(T2;R2)→ W−1,2(T2),

div0 u = ∂2u2.

The orthogonal projection onto div0-free fields is given by

Pdiv0 u(x) = u1(x)e1 + (
∫ 1

0 u2(x1, s) ds)e2.

For the sequence (uj )j defined by

uj (x) = sin(2πjx1) sin(2πx2)e2, x ∈ Q2,

one finds that

But,

� ‖ div0 uj‖W−1,2(T2) → 0 for j →∞,

since div0 uj = 2π sin(2πjx1) cos(2πx2) ⇀ 0 in L2(T2).

� ‖Pdiv0 uj − uj‖L2(T2;R2) = ‖uj‖L2(T2;R2) =
∫ 1

0 sin2(2πs) ds = 1
2 > 0.
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Proof of Theorem 1: Lower bound

Method: Young measure approach (Fonseca & Müller ’99)

Localization by blow-up

� (uε)ε ⊂ Lp(Ω1;Rm)

� uε ⇀ u in
Lp(Ω1;Rm)

� Aεuε = 0 in Ω1

� uε
YM−→ (νx )x∈Ω1

Ω1 Qd

� (v x
ε)ε ⊂ Lp(Qd ;Rm)

bounded

�
∫

Qd v x
ε dy = u(x)

� Aεv x
ε = 0 in Qd

� v x
ε

YM−→ (νx )y∈Qd

lim infε→0

∫
Ω1

f(uε) dx ≥
∫

Ω1
〈f , νx〉 dx 〈f , νx〉

!
= limε→0

∫
Qd f(v x

ε) dy
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Proof of Theorem 1: Lower bound

Method: Young measure approach (Fonseca & Müller ’99)

Localization by blow-up

� (uε)ε ⊂ Lp(Ω1;Rm)

� uε ⇀ u in
Lp(Ω1;Rm)

� Aεuε = 0 in Ω1

� uε
YM−→ (νx )x∈Ω1

Ω1 Qd

� (zx
ε)ε ⊂ Lp(Qd ;Rm)

p-equiintegrable

�
∫

Qd zx
ε dy = u(x)

� A0zx
ε → 0 in W−1,1(Td ;Rm)

� zx
ε

YM−→ (νx )y∈Qd

lim infε→0

∫
Ω1

f(uε) dx ≥
∫

Ω1
〈f , νx〉 dx 〈f , νx〉 = limε→0

∫
Qd f(zx

ε) dy ≥ Q∞A0
f(u(x))

Lemma 4 (Local decomposition lemma)
If (vε)ε ⊂ Lp(Qd ;Rm) with vε ⇀ v in Lp(Qd ;Rm) andAεvε = 0 in Qd , then there is a
p-equiintegrable sequence (zε)ε ⊂ Lp(Qd ;Rm) such that zε − vε → 0 in L1(Qd ;Rm),∫

Qd vε dy =
∫

Qd zε dy and A0zε → 0 in W−1,1(Td ;Rm).
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Proof of Theorem 1: Upper bound

Method: Explicit construction of a recovery sequence
Ingredients: relaxation theory inA-framework (Braides, Fonseca & Leoni ’00)

+ Proposition 5 + diagonalization argument

Proposition 5
For u ∈ UA0 there exists (uε)ε ⊂ UAε such that uε → u in Lp(Ω1;Rm).
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Proof of Theorem 1: Upper bound

Method: Explicit construction of a recovery sequence
Ingredients: relaxation theory inA-framework (Braides, Fonseca & Leoni ’00)

+ Proposition 5 + diagonalization argument

Proposition 5
For u ∈ UA0 there exists (uε)ε ⊂ UAε such that uε → u in Lp(Ω1;Rm).

Lemma 6 (Convergence of ’symbols’)

It holds that Aε −→ Ã0, i.e. PAε(ξ)→ P̃A0 (ξ) for ξ ∈ Rd .

Notice that Ã0(ξ) 6= A0(ξ) if ξd = 0.

If ξd 6= 0, then r = rankAε(ξ) = rankA0(ξ) by the constant-rank property.
Carolin Kreisbeck (WIAS Berlin) August 1, 2014



Proof of Theorem 1: Upper bound

Method: Explicit construction of a recovery sequence
Ingredients: relaxation theory inA-framework (Braides, Fonseca & Leoni ’00)

+ Proposition 5 + diagonalization argument

Proposition 5
For u ∈ UA0 there exists (uε)ε ⊂ UAε such that uε → u in Lp(Ω1;Rm).

We split u = u(1) + u(2):

� û(1)(ξ) =

{
û(ξ) if ξd 6= 0

0 if ξd = 0

� Ã0(ξ)û(1)(ξ) = 0 for all ξ ∈ Rd

� u(1)
ε := PAεu(1)

� û(2)(ξ) =

{
0 if ξd 6= 0

û(ξ) if ξd = 0

� u(2)(x) = u(2)(x ′) for x ∈ Qd

� u(2)
ε (x) := u(2)(x ′)− εxd (A(d))†A′u(2)(x ′)

Lemma 6 (Convergence of ’symbols’)

It holds that Aε −→ Ã0, i.e. PAε(ξ)→ P̃A0 (ξ) for ξ ∈ Rd .
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Proof of Theorem 3

Recall that

Emag
ε [m, h] =

∫
Ω1

α |∇εm|2 + ϕ(m) dx +
1

2

∫
R3

|h|2 dx,

if (m, h) ∈ kerR3 Amag
ε with |m| = 1

(
Emag
ε = +∞, otherwise

)
,

and

Fε[u] =

{∫
Ω1

f (u) dx if u ∈ UAε = kerΩ1 Aε,
∞ otherwise.

Specific characteristics of Emag
ε (in comparison to Fε):

� Ω1 = R3 X  replace Fourier series by Fourier transforms

� non-convex constraint

� integrand with derivatives of m
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Proof of Theorem 3: Upper bound

Let (m, h) ∈ kerR3 Amag
0 with |m| = 1 and ∂3m = 0 in Ω1.

In analogy to Proposition 5 there exists a sequence (m̃j , h̃j ) ⊂ kerR3 Amag
εj

with

(m̃j , h̃j )→ (m, h) in L2(R3;R3)× L2(R3;R3) as j → 0.

Problem: Regularity and non-convex constraint NOT satisfied!

Set

mj = m
hj = Pcurlεj

(
h̃j − m + m̃j

) for all j ∈ N.

Idea: Keep magnetization fixed and adjust the induced field!

The sequence (mj , hj )j is a recovery sequence.
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